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INTERPOLATION OF GENERALIZED HEEGNER CYCLES IN COLEMAN FAMILIES
KÂZIM BÜYÜKBODUK AND ANTONIO LEI
Abstract. Kobayashi recently proved that the Generalized Heegner Cycles of Bertolini–Darmon–Prasanna
can be interpolated along the anticyclotomic tower, giving rise to distribution valued cohomology classes
with expected growth rate. We interpolate these classes along Coleman families. This construction plays a
role in the proofs of p-adic Gross–Zagier formulae at for non-ordinary eigenforms and consequentially, also
in the proof of a conjecture of Perrin-Riou.
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1. Introduction
Fix forever a prime p ≥ 5 and an imaginary quadratic field K where (p) = ppc splits (the superscript
c will always stand for the action of a fixed complex conjugation). We let g ∈ Sκ(Γ0(N) ∩ Γ1(p)) denote
a p-stabilized cuspidal eigenform of level Np which is crystalline at p and has even weight κ ≥ 2. We
assume that every prime dividing the level N splits in K. Let us write g/K for the base change of g to
K and let ψ denote an anticyclotomic Hecke character of K of infinity type (j,−j) with −κ/2 < j < κ/2.
Kobayashi showed in [Kob19] that the Generalized Heegner Cycles of Bertolini–Darmon–Prasanna [BDP13]
associated to Rankin–Selberg convolutions g/K ⊗ ψ can be interpolated as ψ varies among anticyclotomic
Hecke characters. The main purpose of the current article is to show that we may interpolate these classes
as g varies in a Coleman family (Theorem 1.2 below). This extends the work of Howard [How07] in the case
of slope-zero (Hida) families.
Motivations for this interpolation result include its consequences towards the p-adic Gross–Zagier formula
at critical slope, Perrin-Riou’s conjecture comparing Beilinson–Kato elements to Heegner points and Birch
and Swinnerton–Dyer formulae for elliptic curves of rank one. These applications are discussed in the
preprint [BPS18].
Our approach exploits the p-adic construction of rational points, a theme first observed by Rubin [Rub92]
and further explored by Perrin-Riou [PR93], Bertolini–Darmon [BD07] and Bertolini–Darmon–Prasanna
[BDP12, BDP13]. More precesely, our argument to interpolate Generalized Heegner Cycles dwells on the
formula of Bertolini–Darmon–Prasanna, which relates the Bloch–Kato logarithms of these cycles to appro-
priate Rankin–Selberg p-adic L-values. We briefly outline our strategy, which consists of three steps:
• In Appendix A, we explain how to extend the work of Perrin-Riou (following the work of Nuccio and
Ochiai [NO16] for most part, altering it where necessary via the work of Zhang [Zha04]) to construct
a big exponential map which interpolates Bloch–Kato exponential maps for g/K ⊗ψ as the newform
g varies in a Coleman family and ψ varies among anticyclotomic Hecke characters.
• We also explain (where we adapt Brakocevic’s work [Bra12] for Hida families) in Section 2.2 the
construction of a two-variable p-adic L-function (one variable parametrizing the variation of g in a
Coleman family, the other variable accounting for the anticyclotomic variation), which interpolates
the Rankin–Selberg p-adic L-function of Bertolini–Darmon–Prasanna as g varies in a Coleman family.
• The p-local candidate for the “universal” Generalized Heegner Cycle is then defined as the image of
the big exponential map on the two-variable Bertolini–Darmon–Prasanna p-adic L-function. Relying
on a Λ(Γ˜ac)-adic version of the Bertolini–Darmon–Prasanna formula (Theorem 3.9 in the main text;
here Λ(Γ˜ac) denotes the anticyclotomic Iwasawa algebra), we prove in Section 4.1 that the p-local
cohomology class we construct arises as the restriction of a uniquely determined global cohomology
class, which necessarily interpolates the Generalized Heegner Cycles of Bertolini–Darmon–Prasanna.
We note that a similar argument based on “patching via reciprocity laws” was utilized by Ochiai in [Och18]
in order to interpolate Beilinson–Kato elements in Coleman families. Before we give precise statements of our
results and discuss related prior and forthcoming works, let us first fix our notation and set the hypotheses
we shall work with.
1.1. Set up. We fix once and for all an embedding ιp : Q →֒ Cp and suppose that the prime p of K lands
inside the maximal ideal of OCp . We fix also an embedding ι∞ : Q →֒ C and an isomorphism j : C ∼−→ Cp
such that j ◦ ι∞ = ιp. The ring of integers of the completion of the maximal unramified extension Qurp of Qp
is denoted by W .
Let f ∈ Sk(Γ0(N)) be a normalized cuspidal eigen-newform of level N and even weight k ≥ 2. We assume
that every prime dividing the level N splits in K, the fixed prime p does not divide N and that ap(f) is not
a p-adic unit. Let α and β be the two roots of the Hecke polynomial X2 − ap(f)X + pk−1. We assume that
α 6= β and let fα and fβ denote the two p-stabilizations of f . We fix a finite extension L of Qp that contains
the Hecke field of f as well as α and β. Throughout the article, we shall write λ for either one of the two
roots. We assume that neither fα nor fβ is in the image of the operator on the space of overconvergent
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modular forms
θk−2 :M
†
2−k(Γ0(N) ∩ Γ1(p)) −→M †k(Γ0(N) ∩ Γ1(p))
given by
(
q ddq
)k−1
on q-expansions.
We write Wf for Deligne’s 2-dimensional L-representation, whose Hodge-Tate weights are 0 and 1 − k
(with the convention that the Hodge-Tate weight of the cyclotomic character is +1) and write Vf :=Wf (k/2)
for its central critical twist. We fix a Galois-stable OL-lattice Tf inside Vf . We define and notate similar
objects associated to a p-stabilized cuspidal eigenform g ∈ Sκ(Γ0(N) ∩ Γ1(p)) of even weight κ ≥ 2.
For a positive integer c, we denote by Kc the ring class extension of K modulo c. Let Σ denote a finite set
of places of Q, which contains all primes dividing Np as well as the archimedean place. For any extension
F/Q, we shall abuse notation to denote the set of places of F lying above Σ with the same symbol Σ. We
write FΣ for the maximal extension of F unramified outside Σ and define GF,Σ := Gal(FΣ/F ).
1.1.1. Distributions. LetKp∞ denote the ring class field ofK of conductor p
∞. We write Γ˜ac := Gal(Kp∞/K) =
Γac×∆ac, where Γac ∼= Zp and∆ac is a finite group. We shall write Λ(Γac) := Zp[[Γac]] and Λ(Γ˜ac) := Zp[[Γ˜ac]]
for the completed group rings of Γac and Γ˜ac, respectively.
Fix h ∈ R ≥ 0. Following [NO16, §4.1], we may define a valuation on the power series ring Qp[[X ]] given
by
vh(
∑
n
cnX
n) = inf {ordp(cn) + hℓ(n) : n ≥ 0} ,
where ℓ(0) = 0 and ℓ(n) = log(n)log(p) + 1 for n ≥ 1. We may then define Hh (power series of logarithmic order
h) by setting
Hh = {F ∈ Qp[[X ]] : vh(F ) > −∞},
and the subset H+h of integral power series with respect to vh
H+h = {F ∈ Hh : vh(F ) ≥ 0}.
On choosing a topological generator γac of Γac and setting X := γac − 1, we define the subsets H+h (Γac) and
Hh(Γac) of Qp[[γac − 1]]. We set Hh(Γ˜ac) := Hh(Γac)⊗Λ(Γac) Λ(Γ˜ac) and similarly define H+h (Γ˜ac). We note
that H0(Γ˜ac) = Λ(Γ˜ac)⊗Zp Qp. Finally, if W is a ring that contains Zp, we set Hh(Γac)W := Hh(Γac)⊗Zp W
and similarly define H+h (Γac)W .
1.1.2. Coleman families. Let W = SpZp[[Z×p ]] denote the weight space. For each r = pv < p
p−1
p−2 with
v = v(e) for some e ∈ L, we let B(r) ⊂ W denote the closed affinoid disc about k of radius r. Let A (r)
denote the ring of L-valued analytic functions on B(r) and let A ◦(r) ⊂ A (r) be the subring of power-
bounded elements. Both rings A (r) and A ◦(r) are Noetherian for each r. We also consider the open disc
B◦(r) ⊂ B(r) of radius r about k, which we think of as an L-rigid analytic space (see [dJ95, §7] for a detailed
description of the rigid analytic open ball). This inclusion induces an injective ring homomorphism
A
◦(r) −→ Λ(k,r) := OL
[[
X − k
e
]]
where we think of Λ(k,r) as functions on B
◦(r) which are bounded by 1; and where the image of A ◦(r) is
given as
{∑∞
n=0 cn
(
X−k
e
)n ∈ OL [[X−ke ]] : lim |cn| = 0}. This map also induces a ring homomorphism
A (r) −→ Λ(k,r)[1/p] .
Fix r0 = p
v0 as above, with v0 := v(e0) for some e0 ∈ L. Let f be a Coleman family over the affinoid
disc B(r0) of fixed slope v(λ) (which we can always ensure on shrinking B(r0) appropriately), through the
p-stabilization fλ of f . As explained in [NO16, Proposition 2.10], the Coleman family f admits a formal
q-expansion f =
∑∞
n=1Anq
n with An ∈ Λ(k,r0). Let λ ∈ Λ(k,r0) denote the eigenvalue with which Up acts
on f. As explained in [NO16, Theorem 2.12], there exists a free rank-two module Tf over A
◦ equipped
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with a continuous GQ,Σ-action, interpolating the self-dual twists of the Galois representations of classical
specializations of f, and which is self-dual in the sense that we have an isomorphism
(1) Tf
∼−→ HomA ◦(Tf,A ◦)(1).
See [BB15, §4.2] for the definition of this self-dual twist, where Vf(χ
1/2) in op. cit. corresponds to our
Tf ⊗A ◦(r) A (r).
When r is sufficiently small, the main results of [Liu15] equips one with
• a (ϕ,Γ)-module D(Tf) over the relative Robba ring RA ◦ over A ◦ (where Γcyc is the Galois group of
the cyclotomic Zp-tower);
• a saturated triangulation of (ϕ,Γ)-modules
(2) 0 −→ F+D(Tf) −→ D(Tf) −→ F−D(Tf) −→ 0.
We set Tac
f
:= Tf ⊗̂ZpZp[[Γ˜ac]]ι, which is a free Λ(k,r0)⊗̂Zp[[Γ˜ac]]-module of rank two, on which we allow
GQ,Σ act diagonally.
We define B◦(r0)cl to be the classical points in the disc B◦(r0), so that we have for κ ∈ B◦(r0)cl
f(κ) :=
∞∑
n=1
An(κ)q
n ∈ Sκ(Γ0(N) ∩ Γ1(p)).
We call f(κ) the specialization of f to weight κ. The p-stabilized eigenform f(κ) =
∑∞
n=1An(κ)q
n is p-old
and it arises as the p-stabilization of a newform f(κ)◦ ∈ Sκ(Γ0(N)) with respect to eigenvalue λ(κ). There is
a corresponding ring homomorphism
πκ : Λ(k,r) −→ OL
which induces morphisms of GQ,Σ-modules
πκ : T
ac
f −→ T acf(κ) , πκ : Tf −→ Tf(κ)
where Tf(κ) is an OL-lattice in the central critical twist of Deligne’s representation attached to f(κ)◦. For
each κ as above, let us fix a generator Pκ ∈ Λ(k,r0) of ker(πκ).
The following “big image” condition will be in effect for the main results of our article.
(BI) {M ∈ GL2(Zp) : det(M) ∈ (Z×p )k−1} ⊂ im
(
GQ
ρf−→ AutOL(Tf ) ∼= GL2(OL)
)
Remark 1.1. Suppose that the hypothesis (BI) holds. Then the residual representation ρf is full, in the
sense that im(ρf ) contains a conjugate of SL2(Fp). This implies that the projective image of ρf contains
PSL2(Fp) up to conjugation. As explained in [CLM19, Remark 2.28], it follows that the regularity condition
in [CIT16, Theorem 6.2] for ρf as well as [CIT16, Corollary 7.2] for its deformation to a Coleman family
holds true.
1.2. Results. We are now ready to record our main result (the interpolation of Generalized Heegner Cycles
of Bertolini–Darmon–Prasanna in Coleman families).
Theorem 1.2. Suppose c0 is a positive integer prime to pN . For each κ ∈ B◦(r0)cl, we let
zf(κ)◦,c0,λ(κ) ∈ H1(GKc0 ,Σ, T acf(κ)) ⊗̂ pc(λ)H+v(λ)(Γ˜ac)
denote the Λ(Γ˜ac)-adic cycle, interpolating the Generalized Heegner Cycles of Bertolini–Darmon–Prasanna
along the anticyclotomic tower, given as in Theorem 3.2.
There exists a unique class
z
ac
f,c0 ∈ H1(GKc0 ,Σ,Tacf ) ⊗̂ pc(λ)H+v(λ)(Γ˜ac)
such that zac
f,c0
(κ) = c
κ/2−1
0 · zf(κ)◦,c0,λ(κ) for every κ ∈ B◦(r0)cl. Here, c(λ) is a constant that depends only
on v(λ).
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This statement corresponds to Theorem 4.9(i) in the main body of our article, combined with Proposi-
tion 4.10. Theorem 1.2 may be recast in terms of classical Heegner cycles:
Corollary 1.3. We let zf,c0 ∈ H1(Kc0 ,Tf)⊗Qp denote the image of the class zacf,c0 under the natural projection
H1(Kc0 ,T
ac
f )⊗̂Zp[[Γ˜ac]]Hv(λ)(Γ˜ac) −→ H1(Kc0 ,Tf) .
i) For any r < r0, let us define Tf|B(r) := Tf ⊗Λk,r0 A (r), which is a free A (r)-module of rank 2. We have
zf,c0 ∈ H˜1(GKc0 ,Σ,Tf|B(r); ∆λ)
where H˜1(GKc0 ,Σ,Tf|B(r); ∆λ) is the Pottharst Selmer group interpolating Bloch–Kato Selmer families along
B(r) (see Definition 4.8 for its precise definition).
ii) For any crystalline classical point κ ∈ B(r) with r < r0, we define zf(κ)◦,c0 ∈ H1f (Kc0 , Vf(κ)) as the classical
Heegner class (which is given as in [Nek95, §3]) of conductor c0. Then for every positive integer c0 coprime
to pN and crystalline classical points κ ∈ U , we have
zf,c0(κ) = u
−1
c0 · (2
√
−DK)1−κ/2 ·
(
1− p
κ/2−1
λ(κ)
)2
· zf(κ)◦,c0 .
Corollary 1.3(i) corresponds to Theorem 4.9(ii) in the main body of our article, combined with Proposi-
tion 4.10. Corollary 1.3(ii) follows from combining Theorem 4.9(i) and Proposition 4.15 below.
Remark 1.4.
i) The construction in [NO16] of the Galois representation associated to a Coleman family f over Λ(k,r0) relies
on the theory of pseudo-representations. It is a GQ-representation which is free as a Λ(k,r0)-module of rank 2,
whose specialization at any arithmetic prime is abstractly isomorphic to a lattice in Deligne’s representation
(which one may “physically” realize in the cohomology of modular curves) associated to the specialization.
ii) One may “physically” (as opposed to, abstractly) interpolate these lattices as follows. We follow here the
discussion in [LZ16, §4] and strictly follow the notation in op. cit. We note that in the notation of [LZ16],
U := B◦(r), ΛU := Λ(k,r0) and BU := Λ(k,r0)[1/p]. One constructs a free BU -module MU (f) of rank two
in the overconvergent étale cohomology (of Andreatta–Iovita–Stevens) of the modular curves (see Theorem
4.6.6 in op.cit.), which interpolates Deligne’s representations associated to classical points in the disc U .
Moreover, one may consider a ΛU -lattice M
◦
U (f) ⊂MU (f) , which is given as the reflexive hull of the image
of M◦U,0(H0) (see Definition 4.4.6 in op. cit. for a definition of M
◦
U,0(H0)) in MU (f). The ΛU -module
M◦U (f) is free of rank 2 and it interpolates canonical lattices in the realizations of Deligne’s representations
in the cohomology of modular modular curves. We note that the perfect Poincaré duality
(3) { , } : MU (f)⊗MU (f) −→ BU (−1− κU )
(where κU is the universal weight character) does not restrict to a perfect pairing on the lattice M
◦
U (f).
iii) In the results above, we have implicitly fixed an isomorphism Φ : M◦U (f)(1 + κU/2)
∼−→ Tf of Galois
representations. Heegner cycles take coefficients in the canonical lattices in the realizations of Deligne’s
representations in the cohomology of modular modular curves and it is crucial for our purposes that these get
interpolated by M◦U (f)(1 + κU/2) (which we have identified with Tf). We note that the symplectic structures
on Deligne’s representations induced from the Poincaré duality do not necessarily interpolate integrally, to
yield the abstract isomorphism (1). It does interpolate once we invert p, to an appropriate twist of the pairing
(3); see [LZ16, Theorem 4.6.6].
1.3. Related prior and forthcoming work. In the case of slope-zero (Hida) families, Theorem 1.2 and
Corollary 1.3 follow on combining the results of [How07, Cas19, CH18]. A more general version of this result
(in that it is not necessary to assume that the prime p splits in K, nor one needs to work under the strong
Heegner hypotheses) is due to Disegni [Dis19].
In the positive slope case, Jetchev–Loeffler–Zerbes released a preprint [JLZ19] shortly before the current
article was made publicly available, where they utilize the techniques of [LZ16] (which in turn dwells on the
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overconvergent étale cohomology of Andreatta–Iovita–Stevens). Their approach is very different from ours
and does not require the prime p be split in K. Another diverging point is that we meticulously keep track
of the integrality properties of universal Generalized Heegner Cycles, which is important as per potential
applications towards main conjectures for families.
We note that there is yet a third independent approach to interpolate Heegner Cycles in positive-slope
families: Based on a strategy similar to one employed in [How07, Dis19], the forthcoming work [BPS19] of
Pollack, Sasaki and the first named author gives another construction of universal Heegner cycles. The main
technical input in op. cit. is Emerton’s completed cohomology theory; more particularly, his realization of
the eigencurve within the completed cohomology for GL2/Q.
Acknowledgments. The authors would like to thank Ming-Lun Hsieh and Zheng Liu for answering their
questions during the preparation of this article. They also thank David Loeffler heartily for his comments
and suggestions. The first named author thanks the Department of Mathematics at Harvard University for
their hospitality, where the approach we follow here was conceived. He also thanks heartily Barry Mazur for
numerous discussions and suggestions on this project. The first named author acknowledges partial support
from European Union’s Horizon 2020 research and innovation programme under the Marie Skłodowska-Curie
Grant Agreement No. 745691. Parts of this work were carried during the second named author’s visits to
Harvard University in June 2018 and to University College Dubin in November 2018. He would like to
thank these institutes for the hospitality. The second named author’s research is supported by the NSERC
Discovery Grants Program 05710.
2. p-adic L-functions in families
2.1. One-variable anticyclotomic p-adic L-functions. In this section, we review the one-variable an-
ticyclotomic p-adic L-function of Brakocevic [Bra11] and Bertolini–Darmon–Prasanna [BDP13]. For our
purposes, it is more convenient to follow the exposition presented in [CH18].
Let Ig(N)/Z(p) be the Igusa scheme of level N over Z(p), parameterizing elliptic curves with with Γ1(Np
∞)-
level structure. Given a point x ∈ Ig(N) (Fp), we write Ŝx →֒ Ig(N)/W for the local deformation space of
x over W (that is, isomorphism classes of elliptic curves whose mod p representations coincide with that of
x). As explained in [CH18, §3.1], results of Katz [Kat81] on the canonical Serre-Tate coordinate yields the
identification
OŜx = W [[t− 1]].
Consequently, given any p-adic modular form F of level N defined over W , we may evaluate it at the
Serre-Tate coordinate t of x
F (t) = F |Ŝx ∈ W [[t− 1]] ,
resulting in a W -valued measure dF on Zp via the Amice transform:∫
Zp
txdF (x) = F (t).
If φ : Zp −→ OCp is any continuous function, we define
F ⊗ φ(t) =
∫
x∈Zp
φ(x)txdF ∈ OCp [[t− 1]].
Definition 2.1. Fix a positive integer c0 with p ∤ c0. Let a be a prime-to-c0Np integral ideal of Oc0 . This
defines a CM point xa ∈ Ig(N)(Fp), as explained in [CH18, §3.2]. For a p-adic modular form F as above,
we define the power series
Fa(t) = F
(
t
1
N(a)
√
−DK
)
∈ W [[t− 1]]
using the Serre-Tate coordinate t attached to xa. Here N(a) = #Oc0/a.
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Definition 2.2. Given a continuous function ρ : Γ˜ac −→ OCp , we write ρ|[a] for the function Z×p −→ OCp
defined by
x 7→ ρ (recp(x)σ−1a ) ,
where recp denotes the local reciprocity law Q
×
p = K
×
p −→ Gal(Kab/K) −→ Γ˜ac and σa denotes the image
of a in Gal(Ka/K) under the Artin map with Ka being the maximal abelian a-ramified extension of K.
Definition 2.3. Let ψ be an anticyclotomic Hecke character of infinity type (k/2,−k/2) whose prime-to-
p conductor is c0OK . The anticyclotomic p-adic L-function attached to f and ψ is defined by the p-adic
measure on Γ˜ac:
Lp,ψ(f)(ρ) =
∑
[a]∈PicOc0
ψ(a)N(a)−k/2
((
fˆ ♭
)
a
⊗ ψpρ|[a]
)
,
where fˆ ♭ denotes the p-depletion of the p-adic avatar of f . We may identify it with an element in the Iwasawa
algebra OL ⊗W [[Γ˜ac]].
Note that we may replace f by fλ and this results in the same p-adic L-function since the construction
goes through the p-depletion of f .
If χ is an anticyclotomic Hecke character of K, we set
A(χ) = {primes q|DK : χq unramified and q|N}.
We consider the following hypothesis.
(ST)f,χ aq(f)χ(q) = −1 for all q ∈ A(χ), where q2 = qOK .
The p-adic L-function Lp,ψ(f) satisfies the following interpolation properties.
Theorem 2.4. Let ψ be an anticyclotomic Hecke character of infinity type (k/2,−k/2) with prime-to-p
conductor c0. Suppose that (ST)f,ψ holds true. If φ is a Hecke character factoring through Γ˜ac with infinity
type (m,−m) with m ≥ 0 and φ̂ its p-adic avatar, then(
L BDPp,ψ (f)(φ̂)
Ωk+2mp
)2
= e(f, ψφ)φ(N−1)2#A(ψ)+3coǫ(f)u2K
√
DK
L(f/K , ψφ, k/2)
Ω
2(k+2m)
K
,
where e(f, ψ, φ) is given by
(k +m− 1)!m!
(4π)k+2m+1(Im
√−DK/2)k+2m
(
1− ap(f)p−k/2ψφpc(p) + ψφpc(p2)p−1
)2
,
ǫ(f) is the root number of f and uK = #O×K/2.
Proof. This is [CH18, Proposition 3.8]. 
2.2. Anticyclotomic p-adic L-functions in families. We construct an anticyclotomic p-adic L-function
for a Coleman family f ∈ A ◦[[q]] passing through a p-stabilization fλ of f . This p-adic L-function belongs to
A ◦ ⊗̂W [[Γ˜ac]]. The construction we present here is based on Brakocevic’s work for Hida families in [Bra12].
A similar construction is also indicated in [JLZ19, Theorem 6.2.3].
Definition 2.5. For any A ◦-adic modular form F and a point x ∈ Ig(N)(Fp), we define the power series
F(t) = F|Ŝx ∈ A
◦ ⊗̂W [[t− 1]],
as in Section 2.1, which gives a A ◦ ⊗W -valued measure dF via the Amice transform.
Definition 2.6. Given any continuous function φ : Zp −→ OCp , we define
F⊗ φ(t) =
∫
Zp
φ(x)txdF ∈ A ◦ ⊗̂OCp [[t− 1]]
as before.
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Definition 2.7. Let ψ be an anticyclotomic Hecke character of infinity type (k/2,−k/2) whose prime-to-p
conductor is c0OK . Then, there exists a family of anticyclotomic Hecke characters Ψ which admits ψ as
its weight k specialization and such that its weight-m specialization Ψm is of infinity type (m/2,−m/2).
Furthermore, if m ≡ k mod (p − 1), Ψm has the same conductor as ψ. Otherwise, the finite-type of Ψm
differ from ψ by powers of the Teichmuller character at p and pc. Such a CM family can be constructed in
the same way as in [Col19, Lemma 4.3.1]. Namely,
Ψ = ψθ−k/2(θc)k/2A1/2(Ac)−1/2,
where θ is the Hecke character denoted by α in [Col19, §4.2] (it is of conductor p and and infinity type (1, 0))
and A is an A ◦-adic character passing through θ as given in [Col19, §4.3].
Definition 2.8. We let f♭ denote the p-depletion of the Coleman family f. We define the A ◦ ⊗ W -valued
measure on Γ˜ac by setting
Lp,ψ(f)(ρ) =
∑
[a]∈PicOc0
Ψ(a)N(a)−κ/2
((
f♭
)
a
⊗Ψpρ|[a]
)
,
where κ is the weight variable and ρ is a character if Γ˜ac.
Remark 2.9. If m ≡ k mod (p − 1) the weight-m specialization of Lp,Ψ(f) coincides with Lp,Ψm(f(m)),
where f(m) is the weight-m specialization of f. When m = k, this is precisely the p-adic L-function Lp,ψ(f)
of Bertolini–Darmon–Prasanna given in Definition 2.3.
3. Generalized Heegner cycles and a formula of Bertoini–Darmon–Prasanna
In this section, we give an overview of the work of Bertolini–Darmon–Prasanna and its slight enhancement
(in certain aspects) by Castella and Hsieh in [CH18, §§4.1 and 4.4]. We assume until the end of this article
that the strong Heegner hypothesis (relative to the imaginary quadratic field K and integer N) holds true.
Let κ ∈ Z≥2 denote an even integer and let g =
∑
n≥1 an(g)q
n ∈ Sκ(Γ0(N)) be a normalized cuspidal
eigenform, new of level N satisfying (BI). Let αg, βg denote the roots of the p-Hecke polynomial X
2 −
ap(g)X + p
κ−1. Let us assume that the field L is large enough to contain the Hecke field of g as well
as αg. Let Vg := Wg(κ/2) denote the self-dual twist of Deligne’s p-adic representation attached to g and
Tg ⊂ Vg a Galois-stable lattice. We set Tacg := Tg⊗ZpZp[[Γ˜ac]]ι, where Zp[[Γ˜ac]]ι denotes the free rank-one
Zp[[Γ˜ac]]-module, where the action of γ ∈ Γ˜ac is given by multiplication by γ−1.
Fix a positive integer c0 coprime to pN and a non-negative integer s. Set c := c0p
s. We denote by
Kc the ring class extension modulo c. For any locally algebraic anticyclotomic character χ of conductor
dividing c (meaning that it is the p-adic avatar of a Hecke character factoring through Gal(Kc/K); see
[CH18, Defintion 3.4]) and infinity-type (j,−j) with −κ/2 < j < κ/2, the main construction of Bertolini–
Darmon–Prasanna [BDP13] gives rise to a collection of cohomology classes
zg,χ,c ∈ H1(Kc, Tg ⊗ χ)
(see, for example, [CH18, (4.6)]). As in (4.7) of op. cit., we define the Gernealized Heegner class zg,χ ∈
H1(K,Tg ⊗ χ) by setting
zg,χ := corKc/K (zg,χ,c) .
Definition 3.1.
i) Let us write
Tg〈j〉 := Tg(ψjpψ−jpc ), V 〈j〉 = Vg(ψjpψ−jpc )
for −κ/2 < j < κ/2 and denote the corresponding class by
z(j)g,c := zg,ψjpψ−jpc ,c
∈ H1(Kc, Tg〈j〉).
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ii) For λg ∈ {αg, βg} and s ≥ 1, we define the p-stabilized class
z
(j)
g,c,λg
= z(j)g,c − pκ−2λ−1g resKc/Kcp−1
(
z
(j)
g,cp−1
)
∈ 1
p
H1(Kc, Tg〈j〉) ⊂ H1(Kc, Vg〈j〉).
These elements then verify
corKc/Kcp−1
(
z
(j)
g,c,λg
)
= λg · z(j)g,cp−1,λg(4)
κ−2∑
j=0
(−1)j
(
κ− 2
j
)
Twκ/2−j−1 ◦ resKc0p∞/Kc
(
z
(j−κ/2+1)
g,c,λg
)
∈ ps(κ−2)−CH1(Kc0p∞ , Tg),(5)
where
Twκ/2−j−1 : H1(Kc0p∞ , Tg〈j − κ/2 + 1〉) −→ H1(Kc0p∞ , Tg)
is the twisting map and C is a constant which depends only on v(λg). This has been proved by Kobayashi
[Kob19, §7] (see also [KO19, equation (5.24)] and the proof of Proposition 5.3.1 in [JLZ19]). The properties
(4) and (5) allow one to interpolate {z(j)g,c,λg} along the anticyclotomic tower. We refer the reader to [Kob19,
§8] and [KO19, §5.1] for more detailed discussions.
Theorem 3.2 (Kobayashi). For every integer c0 as before and λg ∈ {αg, βg} with v(λg) < κ−1, there exists
a unique element
zg,c0,λg ∈
1
pC
H1(Kc0 ,T
ac
g ) ⊗̂H+v(λg)(Γ˜ac),
where C is some integer that depends only on v(λg), such that its image under the composite map πc0,j
πc0,j : H
1(Kc0 ,T
ac
g ) ⊗̂Hv(λg)(Γ˜ac) −→ H1(Kc0 ,Tacg 〈j〉) ⊗̂Hv(λg)(Γ˜ac) −→ H1(Kc0ps , Vg〈j〉)
equals λ−sg z
(j)
g,c0ps,λg
.
Proof. Under the hypothesis (BI), [LV17, Lemma 3.10] tells us that H0(Kc0p∞ , Tg) = H
0(Kc0p∞ , Tg) = 0,
where Tg denotes the residual representation of Tg. By (4), (5), the classes λ
−s
g z
(j)
g,c0ps,λg
are interpolated by
a class
zg,c0,λg ∈
(
1
pC
H1(Kc0p∞ ,T
ac
g ⊗̂H+v(λg)(Γac))
)Gal(Kc0p∞/Kc0 )
=
1
pC
H1(Kc0 ,T
ac
g )⊗̂H+v(λg)(Γac)
on applying the integral Perrin-Riou twists developed by Kobayashi. 
Definition 3.3. Let c0 be a positive integer coprime to p. Given a character χ of conductor c0p
n, we let
z
χ
g,c0,λg
∈ H1(Kc0 , Vg ⊗ χ) denote the image of zg,c0,λg under the natural specialization morphism and set
z
χ
g,λg
:= corKc0/K(z
χ
g,c0,λg
) ∈ H1(K,Vg ⊗ χ) .
Lemma 3.4. Let c0 be a positive integer coprime to p. Given a character χ of conductor c0p
n, we have
z
χ
g,c0,λg
= λ−ng zg,χ,c0 .
Consequently, zχg,λg = λ
−n
g zg,χ .
Proof. The first assertion is a consequence of twisting formalism [Rub00, Lemma 2.4.3] and its proof follows
in a manner identical to that of [CH18, Lemma 5.4]. The second assertion is an immediate consequence of
the first. 
Definition 3.5. Let ωA = tA = Ωpt and ηA = t
−1
A t be as given in (5.2) of [CH18] and let Ωp be the p-adic
CM period defined in §2.5 of op. cit. We fix ε = (ζpn) ∈ lim←−x 7→xp OCp , where ζpn is a primitive p
n-th root of
unity.
The following result is an enhancement (due to Castella–Hsieh) of the p-adic Gross–Zagier formula of
Bertolini–Darmon–Prasanna for Generalized Heegner classes.
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Theorem 3.6. Let ψ be an anticyclotomic Hecke character of infinity type (κ/2,−κ/2) with prime-to-p
conductor c0. Suppose φ is an anticyclotomic Hecke character with the following properties:
• The infinity type of φ is (κ/2 + j,−κ/2− j), where −κ/2 < j < κ/2.
• The p-adic avatar φ̂ of φ factors through Γ˜ac.
• φ has conductor pnOK with n > 1.
Then,
L BDPp,ψ (g)(φ̂
−1)
Ω−2jp
=
g(φ−1p , ε)φp(pn)c
1−κ/2
0 ψ̂
−1
p (p
n)
(κ/2− 1 + j)! ·
〈
logp(zg,χ), ωg ⊗ ωκ/2−1+jA ηκ/2−1−jA t1−κ
〉
,
where
• g(φ−1p , ε) is the Gauss sum for the p-component of φ−1 as given in Lemma A.2,
• logp := log ◦ resp ,
• χ := ψ̂−1φ̂ .
Proof. This is proved in [CH18, Theorem 4.9]. We remark that there is a typo in the published version of
op. cit., where the term t1−κ is missing. We thank Ming-Lun Hsieh for pointing this to us. 
Definition 3.7.
i) Let ψ be an anticyclotomic Hecke character of infinity type (κ/2,−κ/2) with prime-to-p conductor c0.
We set Lg ∈ OL ⊗W [[Γ˜ac]] to denote the twist of L BDPp,ψ (g) by the character ψ̂−1. More precisely, it is
characterized by
Lg(χ) = L BDPp,ψ (g)(ψ̂−1χ),
for any anticyclotomic character χ. When we wish to emphasize the dependence of Lg to ψ, we shall denote
it by Lg,ψ.
Similarly, if f is a Coleman family as in §2.2, we define Lf = Lf,ψ to be the twist of Lp,ψ(f) by ψ̂−1.
ii) We define the equivariant Bertolini–Darmon–Prasanna p-adic L-function
Lg,c0 :=
∑
ρ̂∈ ̂Gal(Kc0/K)
eρ̂ · Lgρ
=
∑
ρ̂∈ ̂Gal(Kc0/K)
eρ̂ · Lg,ψρ ∈ Zp[Gal(Kc0/K)]⊗Zp OL ⊗ W [[Γ˜ac]] ,
where gρ := g/K ⊗ ρ for each anticyclotomic Hecke character ρ of finite order and conductor c0, and
eρ̂ :=
∑
δ∈Gal(Kc0/K)
ρ̂(δ)δ−1.
Remark 3.8.
i) There is a bijection (induced by the Artin map of global class field theory) between anticyclotomic Hecke
characters of finite order and conductor c0 and p-adic characters of Gal(Kc0/K).
ii) Given an anticyclotomic Hecke character ψ of infinity type (κ/2,−κ/2) with prime-to-p conductor c0, note
that ρψ runs through the set of anticyclotomic Hecke character of infinity type (κ/2,−κ/2) and conductor
c0 as ρ runs through anticyclotomic Hecke characters of finite order and conductor c0.
We have a map (semi-local Perrin-Riou big exponential map along the anticyclotomic tower)
Ωε,pTg,κ/2,c0 : Dcris(Tg)⊗Zp W [Gal(Kc0/K)][[Γ˜ac]] −→ H
1(Kc0,p, T
ac
g )⊗ pc(λg)H+v(λg)(Γ˜ac)W
by Zhang [Zha04]. We review this in Appendix A (see Section A.3 for their semi-local versions). We refer
readers to Lemma A.2 where we outline the interpolative property which characterizes this map. Note that
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we restrict our attention to the special case where the Lubin–Tate extension in consideration is that given
by the anticyclotomic tower.
Theorem 3.9. Let ηλg ∈ Dcris(Wg)ϕ=λg ⊗ t−κ/2 be the unique ϕ-eigenvector that pairs with ωg ⊗ t−κ/2 to 1
under the canonical pairing. Then,
Ωε,pTg ,κ/2,c0
(
ηλg ⊗ Lg,c0 · σ−1,p
)
= c
1−κ/2
0 resp
(
zg,c0,λg
)
,
where σ−1,p∈ OL[[Γ˜ac]] is the group like element of order 2.
Proof. Fix ψ and let φ, χ and n are given as in the statement of Theorem 3.6. Assume that n > 0 and let
us write
logχ,p : H
1(Kc,p, Vg ⊗ χ) −→ DdR,Kc,p(Vg ⊗ χ)/Fil0 DdR,Kc,p(Vg ⊗ χ)
for the inverse of the Bloch-Kato exponential map expχ,p. We write
φ̂ = χψ̂ =
(
ψpψ
−1
pc
)j
χ1χ2,
where χ1 is a character of Gal(Kc,p/Kc0,p) and χ2 is a character unramified at p. Since φ̂ is the p-adic avatar
of a Hecke character of infinity type (κ/2 + j,−κ/2− j), it follows from Theorem 3.6 that
〈logχ,p ◦ resp(zg,χ), ωg ⊗ ωκ/2−1+jA ηκ/2−1−jA t1−κ〉 =
(κ/2− 1 + j)!p(κ/2+j)n
g(χ−11 , ε)χ2(pn)c
1−κ/2
0
× Lg,ψ(χ
−1)
Ω−2jp
=
(κ/2− 1 + j)!p(κ/2+j−1)nχ1(−1)g(χ1, ε)χ2(p−n)
c
1−κ/2
0
× Lg,ψ(χ
−1)
Ω−2jp
.
Since ωAηA = t and Ωp = η
−1
A , we may rewrite the equation above as
〈logχ,p ◦ resp(zg,χ), ωg ⊗ tj−κ/2〉 =
(κ/2− 1 + j)!p(κ/2+j−1)nχ1(−1)g(χ1, ε)χ2(τn)
c
1−κ/2
0
× Lg,ψ(χ−1),
where τ is the Frobenius of Gal(Kc0,p/Kp). But φ̂
−1(σ−1,p) = (−1)jχ1(−1). Thus,
〈logχ,p ◦ resp(zg,χ), ωg ⊗ tj−κ/2〉 = (−1)j
(κ/2− 1 + j)! p(κ/2+j−1)ng(χ1, ε)χ2(τn)
c
1−κ/2
0
× (Lg,ψ · σ−1,p) (χ−1) .
As 〈ηλg t−j , ωg ⊗ tj−κ/2〉 = 1 and ϕ
(
ηλg t
−j) = (p−κ/2−jλg) ηλg t−j, we have
(−1)j (κ/2− 1 + j)!p
(κ/2+j−1)ng(χ1, ǫ)χ2(pn)
c
1−κ/2
0
expVg⊗χ
(
(Lg,ψ · σp,−1) (φ̂−1)ηλg t−j
)
= resp (zg,χ)
(−1)j(κ/2− 1 + j)!g(χ1, ǫ)χ2(pn) expVg⊗χ
(
(Lg,ψ · σp,−1) (φ̂−1)
pn
ϕ−n(ηλg t
−j)
)
= c
1−κ/2
0 resp
(
zg,χ
λng
)
(6)
= c
1−κ/2
0 resp
(
z
χ
g,λg
)
where the final equality is Lemma 3.4. Note that the left-hand side of (6) is precisely the image of
Ωε,pTg ,κ/2
(
ηλg ⊗ Lg,ψ · σ−1,p
)
in H1(Qp, Vg ⊗ χ) by Corollary A.3. Since an element of Hv(λ)(Γ˜ac) is char-
acterized by its values on the range of anticyclotomic characters φ runs through, the proof of the asserted
equality follows on allowing ψ vary among anticyclotomic Hecke character of infinity type (κ/2,−κ/2) and
conductor c0. 
We refer the reader to [Kob19, Lemma 8.2] for an alternative proof of this result using explicit reciprocity
law.
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4. Interpolation of Generalized Heegner Cycles
We start with the definition of a Selmer complex which we will shall make use of in our argument in
Section 4.1.
Definition 4.1.
i) For any complete local Noetherian ring R, a free R-module X of finite rank which is endowed with a
continuous action of GK,Σ, and integer c0 coprime to p and all primes of K in the set S, we consider the
Selmer complex
R˜Γf(GKc0 ,Σ, X ; ∆X) ∈ Dft(RMod)
with local conditions ∆X , given as in [Nek06, §6.1]. We denote its cohomology by H˜
•(GKc0 ,Σ, X ; ∆X).
ii) We shall write ∆(p, pc) for local conditions which are unramified for all primes in Σ that are coprime to
p (see [Nek06, §8] for details) and which are given by the Greenberg conditions (see [Nek06, §6.7]) with the
choices
j+pc : X
=−→ X
j+p : {0} →֒ X
at the primes of Kc0 above p and p
c, respectively.
4.1. Interpolation of Generalised Heegner Cycles. Section 4.1 is dedicated to the proof of Theorem 4.6
below, which is the main result of this article. It asserts that the Generalized Heegner cycles of Bertolini–
Darmon–Prasanna (which we recalled in Section 3) interpolate along the Coleman family f to a distribution
valued cohomology class. We retain our notation from Section 1.1.2 concerning the Coleman family f and
various objects associated to it.
We start with an auxiliary lemma.
Lemma 4.2.
⋂
κ∈B◦(r0)cl
(Pκ) ⊗̂Zp Hv(λ)(Γ˜ac)L = 0 .
Proof. It is easy to see that it is suffices to check⋂
κ∈B◦(r0)cl
(Pκ) ⊗̂Zp Hv(λ)(Γ)L = 0,
where Γ is any topological group isomorphic to Zp.
Let us set Z := k + r0Zp and write ιk,r0 : Z
∼−→ Zp for the evident homeomorphism of topological
space, which also allows us to consider Z as an additive group. We then have Λk,r0 = OL[[Z ]]. For any
non-negative real number h, let us set Ch(Zp, L) to denote the Banach space of order-h L-valued functions
given as in [Col10, §1.5]. We define Dh(Zp, L), the space of order-h distributions as the continuous dual of
Ch(Zp, L). For each h, Amice transform induces an isomorphism
A : Dh(Zp, L) ∼−→ Hh(Zp)L
µ 7−→ Aµ,
where Hh(Zp)L is defined similarly to Hh(Γac)L. We also note that H0(Z )L = Λk,r0 [1/p].
Suppose now that we have
Aµ ∈
⋂
κ
(Pκ) ⊗̂Zp Hv(λ)(Γ)L ⊂ H0(Z )L ⊗̂Hv(λ)(Γ)L =: H(0,v(λ))(Z × Γ)L
is any element. This means that we have πκ(Aµ) = 0 for all crystalline points in B(r) with r < r0.
We remark that the Banach space H(0,v(λ))(Z × Γ)L is isomorphic to the space D(0,v(λ))(Z × Γ, L)
introduced in [Loe14, Definition 5] (in a more general set up) via the Amice transform, which is the continuous
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dual of the Banach space C(0,v(λ))(Z × Γ, L), which is also introduced in [Loe14, Definition 5]. According
to Remark 6 in op. cit., we have an isomorphism
(7) C(0,v(λ))(Z × Γ, L) ∼= C0(Z , L) ⊗̂L C(v(λ))(Γ, L)
of Banach spaces. For each positive integer i, consider the characteristic function 1Zi of the subset Zi :=
ι−1k,r0(i + p
ℓ(i)Zp) ⊂ Z , where ℓ(i) is as defined in [Col10, §1.3]. By Theorem I.5.14 of op. cit, these form a
Banach basis of C0(Z , L). More generally, the collection
{ej,m,v(λ) : j ∈ Z≥0 and 0 ≤ m ≤ v(λ)} ⊂ Cv(λ)(Γ, L)
given as in the proof of Proposition I.5.8 in op. cit. form a Banach basis of Cv(λ)(Γ, L), and by the
isomorphism (7), the collection {1Zi ⊗ ej,m,v(λ) : i, j ∈ Z≥0, 0 ≤ m ≤ v(λ)} is a Banach basis of the space
C(0,v(λ))(Z × Γ, L). In order to prove lemma, we need to check that
(8) µ
(
1Zi ⊗ ej,m,v(λ)
)
= 0
for any given i, j ∈ Z≥0 and 0 ≤ m ≤ v(λ), under our running assumption that πκ(Aµ) = 0 for all crystalline
points in B(r) with r < r0. Let us fix j ∈ Z≥0 and an integer 0 ≤ m ≤ v(λ). Let us also consider the
distribution µj,m ∈ D0(Z , L) given by
µj,m(f) = µ(f ⊗ ej,m,v(λ)) , f ∈ C0(Z , L)
and set Aµ,j,m ∈ HL,0(Z ) its Amice transform. Our assumption that πκ(Aµ) = 0 implies that πκ(Aµ,j,m) =
0, and in turn (by the infinitude of crystalline points and the fact that Aµ,j,m is an Iwasawa function) that
Aµ,j,m = 0. Since Amice transform is an isomorphism
A : D0(Zp, L) ∼−→ H0(Zp)L
µj,m 7−→ Aµ,j,m
it follows that µj,m = 0 for every j ∈ Z≥0 and integers 0 ≤ m ≤ v(λ). This in turn implies that (8) holds
for for any given i, j ∈ Z≥0 and 0 ≤ m ≤ v(λ), as required.

We will also need the following version of Lemma 4.2 (which is a corollary to the proof of Lemma 4.2)
that concerns W -valued distributions.
Corollary 4.3.
⋂
κ∈B◦(r0)cl
(Pκ) ⊗̂Zp Hv(λ)(Γ˜ac)L ⊗W = 0 .
Proof. We retain the notation of the proof of Lemma 4.2. On noting that W is discretely valued, [Loe14,
Remark 6] still applies when we replace L in the proof of Lemma 4.2 with LQ̂urp to show that
(9) C(0,v(λ))(Z × Γ, LQ̂urp ) ∼= C0(Z , LQ̂urp ) ⊗̂LQ̂urp C
(v(λ))(Γ, LQ̂urp )
Moreover, since Mahler coefficients exist over LQ̂urp , we also have natural isomorphisms
(10) C0(Z , L)⊗L LQ̂urp ∼−→ C0(Z , LQ̂urp )
(11) C(v(λ))(Z , L)⊗L LQ̂urp ∼−→ C(v(λ))(Z , LQ̂urp ) .
On combining (9), (10) and (11), we deduce that
(12) H(0,v(λ))(Z ×Γ)L⊗W = D(0,v(λ))(Z ×Γ, L)⊗LLQ̂urp ∼= D(0,v(λ))(Z ×Γ, LQ̂urp ) = H(0,v(λ))(Z ×Γ)LQ̂urp .
With (12) at hand, one may proceed as in the proof of Lemma 4.2, on replacing all L’s therein with LQ̂urp . 
Definition 4.4. We let ηf ∈ D◦ denote the unique vector which interpolates {ηλg}g∈B◦(r0)cl .
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Remark 4.5. Recall the isomorphism Φ we have fixed in Remark 1.4. The construction of this vector over
a sufficiently small affinoid disc V is given in [LZ16, Corollary 6.4.3]. On restricting to an open disc U
contained contained in V and enlarging the lattice M◦U (f)(1 + κU/2) ⊂ MU (f)(1 + κU/2) as necessary, we
obtain the required vector ηf ∈ D◦ on applying Φ. (Strictly speaking, it would be more appropriate to write
Φ(ηf) ∈ D◦ in place of ηf, but we choose to drop this extra Φ from our notation since its appearance is rather
auxiliary.)
Theorem 4.6. Suppose c0 is a positive integer prime to pN .
i) There exists a unique (semi-local) class
ζ acf,c0 ∈ H1 (Kc0,p,Tacf ) ⊗̂Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac)W
(where c(λ) is a constant that depends only on the slope v(λ) of the Coleman family f) which is characterized
by the property that for any κ ∈ B◦(r0)cl,
(13) ζacf,c0(κ) = c
κ/2−1
0 · resp
(
zf(κ)◦,c0,λ(κ)
)
.
ii) There exists a class
z
ac
f,c0 ∈ H1(GKc0 ,Σ,Tacf ) ⊗̂ pc(λ)H+v(λ)(Γ˜ac))W
such that ζacf,c0 = resp(z
ac
f,c0
).
If we assume in addition that the Λ(k,r0)⊗̂Zp[[Γ˜ac]]-module H˜2(GKc0 ,Σ,Tacf ; ∆(p, pc)) is torsion, then the
class zac
f,c0
is uniquely determined with this requirement and it is characterized by the interpolation property
that
(14) zacf,c0(κ) = c
κ/2−1
0 · zf(κ)◦,c0,λ(κ)
for any κ ∈ B◦(r0)cl for which H˜2(GKc0 ,Σ, T acf(κ); ∆(p, pc)) is torsion as an OL[[Γ˜ac]]-module.
Remark 4.7. Recall the “modular parametrization” Φ of Tf we have fixed in Remark 1.4. Strictly speaking,
one should write
ζac
f,c0(κ) = c
κ/2−1
0 · resp
(
Φ
(
zf(κ)◦,c0,λ(κ)
))
.
and
z
ac
f,c0(κ) = c
κ/2−1
0 · Φ
(
zf(κ)◦,c0,λ(κ)
)
in place of the interpolative properties (13) and (14), respectively.
Proof of Theorem 4.6.
i) Let us set
ζac
f,c0 := EXPf,c0 (ηf ⊗ Lf,c0 · σ−1,p) ∈ H1 (Kc0,p,Tacf ) ⊗̂Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac)
where
Lf,c0 :=
∑
ρ̂∈ ̂Gal(Kc0/K)
eρ̂ · Lf,ψρ ∈ Zp[Gal(Kc0/K)]⊗Zp A ◦⊗̂W [[Γ˜ac]] .
By the interpolative properties of the big exponential map EXPf,c0 and Lf,c0 , it follows by Theorem 3.9 that
ζacf,c0 defined in this manner verifies (13). Its uniqueness follows once we check that
(15)
⋂
κ∈B◦(r0)cl
ker
(
H1 (Kc0,p,T
ac
f
) ⊗̂
Zp[[Γ˜ac]]
pc(λ)H+v(λ)(Γ˜ac)
πκ−→ H1
(
Kc0,p, T
ac
f(κ)
))
= 0 .
Notice that
ker(H1 (Kc0,p,T
ac
f
) ⊗̂
Zp[[Γ˜ac]]
pc(λ)H+v(λ)(Γ˜ac)
πκ−→ H1
(
Kc0,p, T
ac
f(κ)
)
)
= (Pκ)H
1 (Kc0,p,T
ac
f
) ⊗̂
Zp[[Γ˜ac]]
pc(λ)H+v(λ)(Γ˜ac) .
Since the Λk,r0 ⊗̂Zp[[Γ˜ac]]-module H1 (Kc0,p,Tacf ) is finitely generated, the required vanishing in (15) follows
from Lemma 4.2.
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ii) Fix κ ∈ B◦(r0)cl, let us consider the following commutative diagram with exact columns:
H1(GKc0 ,Σ,T
ac
f
)⊗
Zp[[Γ˜ac]]
pc(λ)H+v(λ)(Γ˜ac)W
resp

πκ
// H1(GKc0 ,Σ, T
ac
f(κ))⊗Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac)W
resp

H1(Kc0,p,T
ac
f
)⊗
Zp[[Γ˜ac]]
pc(λ)H+v(λ)(Γ˜ac)W
δ

// H1(Kc0,p, T
ac
f(κ))⊗Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac)W
δ(κ)

H˜2(GKc0 ,Σ,T
ac
f
; ∆(p, pc))⊗
Zp[[Γ˜ac]]
pc(λ)H+v(λ)(Γ˜ac)W
πκ
// H˜2(GKc0 ,Σ, T
ac
f(κ); ∆(p, p
c))⊗
Zp[[Γ˜ac]]
pc(λ)H+v(λ)(Γ˜ac)W
where H˜2(GKc0 ,Σ,T
ac
f
; ∆(p, pc)) and H˜2(GKc0 ,Σ, T
ac
f(κ); ∆(p, p
c)) are the finitely generated Λ(k,r0) ⊗̂Zp[[Γ˜ac]]-
modules given as in Definition 4.1. Notice that we have
πκ ◦ δ
(
ζac
f,c0
)
= δ(κ) ◦ resp(zf(κ)◦,c0,λ(κ)) = 0 .
We conclude that
δ
(
ζacf,c0
) ∈ ⋂
κ∈B◦(r0)cl
Pκ · H˜2(GKc0 ,Σ,Tacf ; ∆(p, pc))⊗Zp[[Γ˜ac]] p
c(λ)H+v(λ)(Γ˜ac)W = {0}
where the vanishing of the intersection follows from Corollary 4.3, thanks to the fact that the Λ(k,r0) ⊗̂Zp[[Γ˜ac]]-
module H˜2(GKc0 ,Σ,T
ac
f
; ∆(p, pc)) is finitely generated. This concludes the proof that
ζac
f,c0 ∈ ker(δ) = im(resp)
so that we have ζ f,c0 = resp(z
ac
f,c0
) for some zac
f,c0
∈ H1(GKc0 ,Σ,Tacf )⊗Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac)W , as required.
For the uniqueness, we need to verify that H˜1(GKc0 ,Σ,T
ac
f
; ∆(p, pc)) = 0 under the assumption that
H˜2(GKc0 ,Σ,T
ac
f
; ∆(p, pc)) is Λ(k,r0) ⊗̂Zp[[Γ˜ac]]-torsion. This is immediate by global duality. For all κ ∈
B◦(r0)cl such that the OL[[Γ˜ac]]-module H˜2(GKc0 ,Σ, T acf(κ); ∆(p, pc)) is torsion, we infer by global duality
that H˜1(GKc0 ,Σ, T
ac
f(κ); ∆(p, p
c)) = 0. Since we have an exact sequence
0 −→ H˜1(GKc0 ,Σ, T acf(κ); ∆(p, pc)) −→ H1(GKc0 ,Σ, T acf(κ))
resp−→ H1(Kp, T acf(κ))
by the defining property of the Selmer complex R˜Γf(GKc0 ,Σ, T
ac
f(κ); ∆(p, p
c)), it follows that for all such κ,
there exists at most one class in H1(GKc0 ,Σ, T
ac
f(κ)) ⊗Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac)W that maps under resp to the
element
c
κ/2−1
0 Ω
ε,p
Tf(κ),κ/2
(
ηf(κ)⊗ Lf(κ)◦ · σ−1,p
) ∈ H1(Kp, T acf(κ)) ⊗Zp[[Γ˜ac]] pc(λ)H+v(λ)(Γ˜ac)W .
Since zf(κ)◦,c0,λ(κ) is already one such class thanks to Theorem 3.9, the proof of the interpolative property
(14) follows. 
Definition 4.8. For any r < r0, let us define Tf|B(r) := Tf ⊗Λk,r0 A (r), which is a free A (r)-module of
rank 2. We define the Pottharst Selmer complex
R˜Γf(GKc0 ,Σ,Tf|B(r); ∆λ) ∈ D
[0,3]
perf (A (r)Mod)
with the local conditions ∆λ which are unramified at primes coprime to p (given as in [Pot13, Example 1.18])
and given by strict ordinary conditions (in the sense of §3B in op. cit.) arising from the triangulation (2).
We denote its cohomology by H˜•(GKc0 ,Σ,Tf|B(r); ∆λ).
Theorem 4.9. Let c0 be a positive integer coprime to pN .
i) There exists a unique class zac
f,c0
∈ H1(GKc0 ,Σ,Tacf ) ⊗̂Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac)W such that
z
ac
f,c0(κ) = zf(κ)◦,c0,λ(κ)
for every κ ∈ B◦(r0)cl.
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ii) Let us set zf,c0 := 1(z
ac
f,c0
) ∈ H1(GKc0 ,Σ,Tf)⊗ W . For any r < r0, we have
zf,c0 |B(r) ∈ H˜1(GKc0 ,Σ,Tf|B(r); ∆λ)⊗ W [1/p] .
Before we prove this theorem, we first explain how to descend the coefficients of the universal Heegner
cycle zac
f,c0
to from W to L:
Proposition 4.10. Let c0 be a positive integer coprime to pN . Let z
ac
f,c0
and zf,c0 |B(r) be as in Theorem 4.9.
i) zac
f,c0
∈ H1(GKc0 ,Σ,Tacf ) ⊗̂Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac).
ii) zf,c0 |B(r) ∈ H˜1(GKc0 ,Σ,Tf|B(r); ∆λ).
Proof of Proposition 4.10. Let τ ∈ Gal(LQurp /Qp) denote the Frobenius element. Proposition 4.10 follows
once we verify that
(1− τ)zf,c0 = 0 .
Since we have
zf(κ)◦,c0,λ(κ) ∈ H1(GKc0 ,Σ, T acf(κ))⊗̂Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac),
it follows from Theorem 4.9(ii) that
(1 − τ)zf,c0(κ) = 0
for every κ ∈ B◦(r0)cl. This shows that
(1− τ)zf,c0 ∈
⋂
κ∈B◦(r0)cl
Pκ ·H1(GKc0 ,Σ,Tacf ) ⊗̂Zp[[Γ˜ac]] pc(λ)H
+
v(λ)(Γ˜ac)W = 0
where the vanishing of the intersection follows from Corollary 4.3, thanks to the fact that the Λ(k,r0) ⊗̂Zp[[Γ˜ac]]-
module H1(GKc0 ,Σ,T
ac
f
) is finitely generated. 
We introduce a set of Hecke characters which will be useful in the proof of Theorem 4.9.
Definition 4.11. For any κ ∈ B◦(r0)cl, let us write Nκ as the set of ring class characters χ of p-power con-
ductor for which we have Lf(κ)◦(χ) 6= 0. More generally, for a positive integer c0, let us also define the subset
N
(c0)
κ of Nκ as the set of ring class characters χ of p-power conductor for which we have Lf(κ)◦,c0(χη) 6= 0
for each ring class character η of conductor c0.
It follows from [Hsi14, Theorem C] that all but finitely many ring class characters χ of p-power conductor
belongs to N
(c0)
κ . We recall the family Ψ of anticyclotomic Hecke characters we have introduced in Sec-
tion 2.2 above, as well as the anticyclotomic Hecke character Ψκ with infinity type (κ/2,−κ/2) denotes its
specialization in weight κ.
Definition 4.12. For any κ ∈ B◦(r0)cl, we set Sκ := {χΨκ : χ ∈ Nκ} . Also for each positive integer c0,
we define the subset S
(c0)
κ := {χΨκ : χ ∈ N (c0)κ } ⊂ Sκ.
Proof of Theorem 4.9.
i) This follows from Theorem 4.6(ii) once we verify that H˜1(GKc0 ,Σ,T
ac
f
; ∆(p, pc)) = 0. It suffices to show
that
(16) H˜1(GKc0 ,Σ, Tf(κ) ⊗ φ̂0; ∆(p, pc)) = 0
for every κ ∈ B◦(r0)cl and for φ0 ∈ S (c0)κ . This is what we shall verify next. To that end, we fix an arbitrary
κ ∈ B◦(r0)cl and a ring class character η of conductor c0. Let us set φ := φ0η and Tφ := Tf(κ) ⊗ φ̂ and
Aφ := Tφ ⊗ Qp/Zp to ease notation. We will prove below that
(17) H˜1(GK,Σ, Tf(κ) ⊗ φ̂; ∆(p, pc)) = 0.
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for all φ ∈ S (η)κ := {ηφ0 : φ∈S (c0)κ }. The vanishing statements (17) used together as η varies amount to the
assertion (16).
For each anticyclotomic Hecke character φ of infinity type (κ/2,−κ/2), let us consider the canonical Selmer
structure Fcan on Tφ, given as in [MR04, Definition 3.2.1] (which requires no conditions at primes above p
and p-saturation of unramified conditions at primes away from p). Let us also write F(p,pc) for the Selmer
structure on Tφ, which one obtains by replacing the local conditions at p by the strict local conditions and
relaxing the local conditions at pc. By the defining property of H˜1(GK,Σ, Tφ; ∆(p, p
c)), we have an injection
H˜1(GK,Σ, Tφ; ∆(p, p
c)) →֒ H1F(p,pc)(K,Tφ)
into the Selmer group attached to F(p,pc), with finite cokernel (which is annihilated by the Tamagawa numbers
for the Galois representation Tφ away from p). It therefore suffices to prove that H
1
F(p,pc)(K,Tφ) = 0 for all
φ ∈ S (η)κ .
Let F∗(p,pc) denote the dual Selmer structure on
T∨φ (1) = T
∨
f(κ)(1)⊗ ψ̂−1 = Aφ−1
where (−)∨ := Hom(−,Qp/Zp) is the Pontryagin duality functor and the second equality follows thanks to
the self-duality of Tf(κ).
It follows from [MR04, Theorem 5.2.15] that we have χ(Fcan, Tφ) = 2 for the core Selmer rank of the
Selmer structure Fcan on Tφ. Combining this fact with [Wil95, Proposition 1.6], one deduces that
χ(F(p,pc), Tφ) = 0 = χ(F∗(p,pc), Aφ−1).
By [MR04, Corollary 5.2.6], it therefore suffices to prove that H1F∗
(p,pc)
(K,Aφ−1) has finite cardinality for
all φ ∈ S (η)κ and this is what we shall carry out in what follows. Let us write Lφ for the extension of L
generated by the values of φ̂ and fix a uniformizer ̟φ ∈ Lφ and notice that
H1F∗
(p,pc)
(K,Aφ−1)[̟
s
φ] = H
1
F∗
(p,pc)
(K,Aφ−1 [̟
s
φ]) = H
1
F∗
(p,pc)
(K,Tφ−1/̟
s
ψTφ−1)
for each positive integer s, where the first equality is [MR04, Lemma 3.5.3]. In order to prove that
H1F∗
(p,pc)
(K,Aφ−1) has finite cardinality for all φ ∈ S (η)κ , it therefore suffices to show that
lengthZp
(
H1F∗
(p,pc)
(K,Tφ−1/̟
s
ψTφ−1)
)
= O(1)
is bounded independently of s.
Let us now consider the Selmer structure F(pc,p) on Tφ−1 , which is obtained by replacing the local condi-
tions determined by Fcan on Tφ−1 by strict local conditions at pc and relaxed local condition at p. We shall
compare
• the induced Selmer structure F(pc,p) on Tφ−1/̟sφTφ−1 via the natural map
πφ,Σ : Tφ−1 ։ Tφ−1/̟
s
φTφ−1 ,
• and the Selmer structure F∗(pc,p) on Tφ−1/̟sφTφ−1 induced via the map
ιφ,Σ : Tφ−1/̟
s
φTφ−1
∼−→ ̟−sφ Tφ−1/Tφ−1 →֒ Aφ−1 = T∨φ (1) .
For any prime λ of K not dividing p, it follows from [Rub00, Lemma I.3.8(i)] that
H1F∗
(p,pc)
(Kλ, Tφ−1/̟
s
φTφ−1) = H
1
F(pc,p)(Kλ, Tφ−1/̟
s
φTφ−1) .
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The prime pc: We have
H1F∗
(p,pc)
(Kpc , Tφ−1/̟
s
φTφ−1)
def
= ι−1φ,Σ
(
H1F∗
(p,pc)
(Kpc , Aφ−1)
)
= ker
(
H1(Kpc , Tφ−1/̟
s
φTφ−1)
ιφ,Σ−→ H1(Kpc , Aφ−1)
)
= coker
(
H0(Kpc , Aφ−1)
̟sφ−→ H0(Kpc , Aφ−1)
)
has size bounded independently of s (since H0(Kpc , Tφ−1) = 0 and therefore, H
0(Kpc , Aφ−1) has finite
cardinality). Moreover,
H1F(pc,p)(Kpc , Tφ−1/̟
s
φTφ−1) = πφ,Σ
(
H1F(pc,p)(Kpc , Tφ−1)
)
def
= 0 .
The prime p: We have
H1F∗
(p,pc)
(Kp, Tφ−1/̟
s
φTφ−1)
def
= ι−1φ,Σ
(
H1F∗
(p,pc)
(Kp, Aφ−1)
)
def
= ι−1φ,Σ
(
H1(Kp, Aφ−1)
)
= H1(Kp, Tφ−1/̟
s
φTφ−1)
and
H1F(pc,p)(Kp, Tφ−1/̟
s
φTφ−1)
def
= πφ,Σ
(
H1F(pc,p)(Kp, Tφ−1)
)
def
= πφ,Σ
(
H1(Kp, Tφ−1)
)
.
In summary, we have an exact sequence
0 −→ H1F(pc,p)(K,Tφ−1/̟sφTφ−1) −→ H1F∗(p,pc)(K,Tφ−1/̟
s
φTφ−1) −→ C
where
C =
H1(Kp, Tφ−1/̟
s
φTφ−1)
πφ,Σ
(
H1(Kp, Tφ−1)
) ⊕ coker(H0(Kpc , Aφ−1) ̟sφ−→ H0(Kpc , Aφ−1))
→֒ H2(Kp, T−1φ )[̟sφ]⊕ coker
(
H0(Kpc , Aφ−1)
̟sφ−→ H0(Kpc , Aφ−1)
)
.
has cardinality bounded independently of s. So we are reduced to proving that
lengthZp
(
H1F(pc,p)(K,Tφ−1/̟
s
ψTφ−1)
)
= O(1)
for all φ ∈ S (η)κ . By [MR04, Lemma 3.7.1], since we have H0(K,Aφ−1) = 0, this is equivalent to showing
that
(18) H1F(pc,p)(K,Tφ−1) = 0
for all φ ∈ S (η)κ . This follows from the main theorem of [Kob19], since H1F(pc,p)(K,Tφ−1) is precisely the
Bloch-Kato Selmer group associated to Tφ−1 (as explained in the proof of [CH18, Theorem 6.2]) and the fact
that Lf(κ),c0(χη) 6= 0 for all φ ∈ S (η)κ .
ii) For each crystalline point κ ∈ B(r), the commutative diagram
H1(GKc0 ,Σ,Tf|B(r))
res/+p
//
πκ

H1(Kc0,p,F
−D(Tf|B(r)))
πκ

〈EXP∗(−) , ωf〉
∼ // Kc0 ⊗K (A (r) ⊕A (r))
π⊕2κ

H1(GKc0 ,Σ, Vf(κ))
res/fp
// H1s (Kc0,p, Vf(κ)) 〈exp∗(−) , ωf(κ)〉
∼
// Kc0 ⊗K (E ⊕ E)
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(where the tensor products on the right are over the embeddings K
ιp→֒ Qp ⊂ E) tells us that
π⊕2κ
(〈EXP∗(zf,c0 |B(r)) , ωf〉) = 〈exp∗(zf(κ)◦,c0,λ(κ)) , ωf(κ)〉 = 0 .
This shows, by the density of such κ in B(r), that
〈EXP∗(zf,c0 |B(r)) , ωf〉 = 0
and in turn also that zf,c0 |B(r) ∈ ker(res/+p ). This is equivalent to the assertion that
zf,c0 |B(r) ∈ H˜1(GKc0 ,Σ,Tf|B(r); ∆λ)⊗ W [1/p].

Remark 4.13.
i) An Iwasawa theoretic vanishing statement closely related to (18) was proved in [BL19, Theorem 4.14(ii)].
Note however that this vanishing statement doesn’t cover our case of interest in the current article since
both factors in the Rankin–Selberg products considered in op. cit. are required to be p-distinguished. This
additional hypotheses allows us in op. cit. to construct a full-fledged Beilinson–Flach Euler systems for
g/K ⊗ θ over the imaginary quadratic field K, where g/K denotes the base change of the elliptic modular
form g to K and θ for a p-distinguished Hecke character of K.
ii) In the second part of our remark, we shall explain how one can make use of the “horizontal” Beilinson–
Flach Euler system of [LZ16] (rather than the Euler system of Generalised Heegner Cycles, which the authors
of [CH18] and [Kob19] build their argument on) to give an alternative proof of (18). To do so, we need to
introduce yet another Selmer structure, which we denote by F+, on the Galois representation IndK/Q(Tφ−1).
Let us write gφ−1 for the cuspidal eigen-newform associated to the theta-series of the Hecke character
φ−1 | · |−κ/2 (which has infinity type (−κ, 0). As before, we let Wgφ−1 denote Deligne’s (cohomological) p-adic
Galois representation attached to (the newform associated to) gφ−1 , we have Wgφ−1 = IndK/Q(φ̂
−1)⊗χ−κ/2cyc .
If we set Rgφ−1 ⊂Wgφ−1 to denote a Galois-stable lattice, we have
IndK/Q Tφ−1 ∼= Tf(κ) ⊗OL Rgφ−1 (κ/2)
∼= R∗f(κ) ⊗R∗gφ−1 (1− κ)
where Rf(κ) ⊂Wf(κ) is a Galois-stable lattice and we have used here the indentifications
Tf(κ) ∼= Rf(κ)(κ/2) ∼= R∗f(κ)(1− κ/2)
Rgφ−1
∼= R∗gφ−1 (−κ) .
Moreover, the Galois representation R∗gφ−1 is p-ordinary, admitting a p-ordinary filtration
0 −→ F+p R∗gφ−1 −→ R
∗
gφ−1
−→ F−p R∗gφ−1 −→ 0
which induces a filtration
0 −→ R∗
f(κ) ⊗ F+p R∗gφ−1 (1− κ) −→ R
∗
f(κ) ⊗R∗gφ−1 (1− κ) −→ R
∗
f(κ) ⊗ F−p R∗gφ−1 (1− κ) −→ 0 .
For any abelian extension F/Q unramified at p, let us define the Greenberg Selmer structure FGr on the
GF -representation R
∗
f(κ) ⊗ R∗gφ−1 (1 − κ) = IndK/Q Tφ−1 by replacing the local conditions at primes above p
by those given by
H1FGr(Fp, R
∗
f(κ)⊗R∗gφ−1 (1−κ)) := ker
(
H1(Fp, R
∗
f(κ) ⊗R∗gφ−1 (1− κ)) −→ H
1(Fp, R
∗
f(κ) ⊗ F−R∗gφ−1 (1− κ))
)
.
Under the identification
H1(Kp, Tφ−1)⊕H1(Kpc , Tφ−1) = H1(Kp, Tφ−1) = H1(Qp, R∗f(κ) ⊗R∗gφ−1 (1− κ))
given by the semi-local Shapiro’s Lemma, it is well-known that we have
H1(Kp, Tφ−1) =: H
1
F(pc,p)(Kp, Tφ−1) = H
1
FGr(Qp, R
∗
f(κ) ⊗R∗gφ−1 (1− κ))
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and Shapiro’s Lemma induces an isomorphism
H1F(pc,p)(K,Tφ−1) = H
1
FGr(K,R
∗
f(κ) ⊗R∗gφ−1 (1− κ)) .
In order to prove (18), we must show that
(19) H1FGr(K,R
∗
f(κ) ⊗R∗gφ−1 (1− κ)) = 0 .
We shall prove this vanishing statement in the remainder of our argument. To do so, we must introduce
another auxiliary Selmer structure F+ on the GF -representation R∗f(κ)⊗R∗gφ−1 (1−κ). The Selmer structure
F+ is obtained from FGr by replacing the local conditions at primes above p by
H1F+(Fp, R
∗
f(κ)⊗R∗gφ−1 (1 − κ)) :=
ker
(
H1(Fp, R
∗
f(κ) ⊗R∗gφ−1 (1− κ)) −→ H
1(Fp,F
−D(Tf(κ) ⊗ Qp)⊗RLφ D(F−R∗gφ−1 (1− κ)))
)
where RLφ := R⊗Qp Lφ is the relative Robba ring over Lφ and D(F−R∗gφ−1 (1 − κ)) is the (ϕ,Γ)-module of
rank one associated to the one-dimensional GQp-representation F
−R∗gφ−1 (1 − κ). The work of Loeffler and
Zerbes [LZ16, Theorem 8.1.4] gives rise to a “horizontal” locally restricted Euler system {dF }F with
dF ∈ H1F+(Fp, R∗f(κ) ⊗R∗gφ−1 (1− κ))
for which we have (explicit reciprocity law for Beilinson–Flach elements)
〈log ◦ resp(dQ), ωf(κ) ⊗ ηgφ−1 〉 = ∆(κ, φ) · Lf(κ),c0(χη)
for φ = χηΨκ ∈ S (η)κ and ∆(κ, φ) is an explicit non-zero constant. This shows that the image of dQ inside
H1F+(Qp, R
∗
f(κ) ⊗R∗gφ−1 (1− κ))/H
1
FGr(Qp, R
∗
f(κ) ⊗R∗gφ−1 (1− κ)) is non-zero (equivalently, non-torsion, since
this quotient is torsion-free by definition). We therefore infer that
• H1F+(Q, R∗f(κ) ⊗ R∗gφ−1 (1 − κ)) has rank one by the locally restricted Euler system machinery, which
applies since we assume the big image hypothesis (BI).
• H1FGr(Q, R∗f(κ) ⊗R∗gφ−1 (1− κ)) →֒ H
1
F+(Q, R
∗
f(κ) ⊗R∗gφ−1 (1− κ))/(dQ).
This shows that H1FGr(Q, R
∗
f(κ)⊗R∗gφ−1 (1−κ)) is torsion. On the other hand, since this module is torsion-free,
we conclude that it has to vanish, as required in (19).
4.2. Relation to classical Heegner cycles. Let f be a Coleman family as before.
Definition 4.14. For any κ ∈ B(r)cl with r < r0, we define zf(κ)◦,c0 ∈ H1(Kc0 , Vf(κ)) as the classical
Heegner class (which is given as in [Nek95, §3]) of conductor c0.
For any r < r0, recall the class
zf,c0 |B(r) ∈ H˜1(GKc0 ,Σ,Tf|B(r); ∆λ)
we have introduced as part of the statement of Theorem 4.9.
Proposition 4.15. For every positive integer c0 coprime to pN , r < r0 and κ ∈ B(r)cl, we have the following
identities in H1f (Kc0 , Vf(κ)).
i) zf(κ)◦,1,c0,λ(κ) = u
−1
c0 ·
(
1− p
κ/2−1
λ(κ)
)2
· zf(κ)◦,1,c0.
ii) zf(κ)◦,1,c0 =
zf(κ)◦,c0
(2c0
√−DK)κ/2−1
.
iii) zf,c0(κ) = u
−1
c0 · (2
√−DK)1−κ/2 ·
(
1− p
κ/2−1
λ(κ)
)2
· zf(κ)◦,c0
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Proof. The asserted identities are essentially proved by Castella in [Cas19]; see in particular the proof of
Theorem 6.5 in op. cit. The first assertion follows from the definition of the p-stabilized Generalized Heegner
cycle, c.f. [CH18, Definition 5.2]. The second follows as a consequence of [BDP13, Proposition 4.1.2]. The
final identity is now immediate from the first two, combined with (14). 
Appendix A. Big logarithm map along the anticyclotomic tower
Let f be a Coleman family as in the introduction. We write in this appendix
D◦ = (F+D(Tf))Γ=1,
which is a free A ◦-module of rank 1, interpolating Dcris(Tf(κ))ϕ=ap(f(κ))p
−κ/2
.
A.1. Perrin-Riou’s big exponential map over cyclotomic extensions. We recall the construction of
the Perrin-Riou big exponential map for a Coleman family as given in [NO16]. In this section, Γcyc denotes
the Galois group Gal(Qp(µp∞)/Qp). As usual, Λ(Γcyc) is the completed group ring of Γcyc with coefficients
in Zp. We fix ε = (ζpn) ∈ lim←−x 7→xp OCp , where ζpn is a primitive p
n-th root of unity.
Recall from Section 1.1 the subsetH+h andHh of the power series ring Qp[[X ]]. Consider the corresponding
subsets H+h (Γcyc) ⊂ Hh(Γcyc) of the distribution algebra on Γcyc.We let D denote the twisting map on
H+h (Γcyc) as defined in [PR94, §1.1.5].
The following is a “twisted” version of the main result of [NO16] (the only difference is that the Galois
representation Tf we consider here is twisted to the center, whereas the representation in op. cit. is not).
Theorem A.1. Let f be a Coleman family as in the introduction. Assume that the residual representation
associated to f(κ) is irreducible when restricted to GQp
1. Fix an integer h ≥ 0 greater than or equal to the
slope of f and let c(h) be the constant defined in [NO16, Theorem 4.25]. There exists a unique A ◦⊗̂ZpΛ(Γcyc)-
morphism
EXPεf : D◦⊗̂ZpΛ(Γcyc) −→ H1Iw(Qp(µp∞),Tf)⊗̂Λ(Γcyc) pc(h)H+h (Γcyc)
interpolating the Perrin-Riou big exponential maps. More explicitly, if κ ∈ B◦(r0)cl is a classical weight,
then EXPεf coincides with
ΩεTf(κ),κ/2|Dcris(Tf(κ))ϕ=ap(f(κ))p−κ/2⊗Λ(Γcyc)
from [PR94] under the weight κ specialization on D◦.
Proof. The weight κ specialization of the map given in [NO16, Theorem 5.4] gives
ΩεTf(κ)(−κ/2),0|Dcris(Tf(κ)(−κ/2)ϕ=ap(f(κ))⊗Λ(Γcyc).
For j ∈ Z and T a Zp-representation of GQp , let Twε,jT : H1Iw(Qp(µp∞), T ) −→ H1Iw(Qp(µp∞), T (j)) be the
natural twisting map given by multiplication by εj . Recall from [PR94, §3.2.3] that
Tw
ε,κ/2
Tf(κ)(−κ/2) ◦ ΩTf(κ)(−κ/2),0 ◦D
κ/2 = (−1)κ/2ΩTf(κ),κ/2.
Thus, EXPεf is given by the map of [NO16, Theorem 5.4] after an appropriate cyclotomic twist. 
We briefly review the key steps in the construction of EXPεf .
Reduction Step I: We may restrict A ◦ to a sub-ring A◦ of the form O[[T−k0e0 ]] for certain O, k0 and e0 to
construct anA◦⊗̂ZpΛ(Γcyc)-morphism on D◦ ⊗̂ZpΛ(Γcyc), where D◦ is the correspondingA◦-adic Dieudonné
module interpolating Dcris(Tf(κ))
ϕ=ap(f(κ))p
−κ/2
, then base change to A ◦.
1In [NO16], it is assumed that the residual representation is irreducible when restricted to GQp(µp). But it is actually enough
to restrict it to GQp as explained in [Och18, Remark 4.6].
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Reduction Step II: Construct an A◦⊗̂ZpΛ(Γcyc)-morphism satisfying an interpolation formula for a finite
number of cyclotomic twists.
Reduction Step III: For a height-one ideal I ⊂ A◦ of the form ∩i kerxi with kxi ≥ 2, construct an
(A◦/I) ⊗̂ZpΛ(Γcyc)-morphism on D◦/I ⊗̂ZpΛ(Γcyc), interpolating the Perrin-Riou maps on
Dcris(Txi)
ϕ=ap(fxi )p
−kxi
/2 ⊗Zp Λ(Γcyc)
for kerxi ⊃ I.
In order to prove Theorem A.1, it is now enough to construct the Perrin-Riou map described in Reduction
step III. This is done via solving the equation
(1− ϕ⊗ Φ)G = g,
for g ∈ D◦/I ⊗̂ZpZp[[X ]]ψ=0 = D◦/I ⊗̂ZpΛ(Γcyc), where Λ(Γcyc) is identified with Zp[[X ]]ψ=0 via 1 7→ 1+X ,
Φ : Zp[[X ]] −→ Zp[[X ]] is the Zp-linear map defined by X 7→ (1 + X)p − 1. We then obtain classes in
H1(Qp(ζpn),Tf(j)/I ⊗Zp Qp) for j ≥ 1−mini {kxi/2} given by
expQp(ζpn ),TI(j)⊗ZpQp
(((
p−nϕ−n ⊗Dj)G) |X=ζpn−1) .
This is carried out in [NO16, §4.3, §5.3]. Since D◦/I is finitely generated over Zp, the strategy of solving
(1−ϕ⊗Φ)G = g is essentially the same as that given in [PR94]. To show that these classes give an element
in H1Iw(Qp(µp∞),Tf/I)⊗̂Λ(Γcyc)pc(h)H+h (Γcyc), it is necessary to show that they satisfy certain congruence
relations. This also follows a strategy similar to the one given in [PR94].
As explained in [NO16, Remark 1.1], the hypothesis on the irreducibility of the residual representation
allows us to remove the condition ∆˜ = 0 on the space where EXPε
f
as well as remove the quotient by
GQp(µp∞ )-invariants in the module where the image EXP
ε
f lands.
A.2. Perrin-Riou’s big exponential map over relative Lubin–Tate extensions. It is proved in
[Zha04] (and revisited in [Kob19, §9]) that the construction of ΩǫTf(κ),κ/2 for a classical weight κ ∈ B◦(r0)cl
can be generalized to relative Lubin–Tate extensions. We briefly explain the strategy and how we can carry
out the reduction steps I-III outlined in the previous section in this generality.
Let F be a finite unramified extension of Qp with ring of integers W and Frobenius σ. Let G be a relative
Lubin–Tate group over H of height 1. The corresponding uniformizer of W is denoted by π.
Let Tπ be the Tate module associated to G. Fix εG = (εn)n≥0 ∈ Tπ and put πn = εσ−nn . Let Fn = F (πn),
F∞ = ∪n≥1Fn, G∞ = Gal(F∞/Qp) and Γ∞ = Gal(F∞/F ) ∼= Z×p . Let T be a free Zp-module equipped with
a continuous crystalline GH -action. Let V = T ⊗Zp Qp. For an integer n, we write
T 〈n〉 = T ⊗Zp T⊗nπ ,
and define V 〈n〉 similarly.
Let ΛW (Γ∞) be the Iwasawa algebra of Γ∞ over W . Via the Amice transform, we may identify it with
W [[X ]]ψ=0. Define Hh(Γ∞) and H+h (Γ∞) similarly to Hh(Γcyc) and H+h (Γcyc), respectively. Their tensor
products with W will be denoted by Hh(Γcyc)W and H+h (Γcyc)W , respectively. Define
∆˜ : Dcris(T )⊗W W [[X ]]ψ=0 −→
⊕
r∈Z
Dcris(T 〈r〉)/(1− ϕ)
g 7→ ((1⊗Dr)g|X=0)r∈Z .
It follows from the work of Zhang [Zha04] that for h, j ≫ 0 (namely, h ≥ 1 such that Fil−hDcris(T ) = Dcris(T );
in other words, all the Hodge-Tate weights of T are ≤ h, and j ≥ 1 − h), there is a family of ΛW (Γ∞)-
morphisms
(20) ΩεGT 〈j〉,h :
(
Dcris(T 〈j〉)⊗W W [[X ]]ψ=0
)∆˜=0 −→ H1Iw(F∞, T 〈j〉) ⊗̂ΛW (Γ∞)pc(h)H+h (Γ∞)W
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such that the following diagram commutes
(
Dcris(T 〈j〉)⊗W W [[X ]]ψ=0
)∆˜=0
Ξ
(j)
h,n

Ω
εG
T 〈j〉,h
// H1Iw(F∞, T 〈j〉) ⊗̂ΛW (Γ∞)pc(h)H+h (Γ∞)W

Dcris(T 〈j〉)⊗W Fn
expFn,V 〈j〉
// H1(Fn, V 〈j〉)
where Ξ
(j)
h,n sends g to
(21) (h+ j − 1)!
((
p−nϕ−n ⊗ 1)Gσ−n)∣∣∣
X=πn
with (1 − ϕ⊗ Φ)G = g and the second vertical map is the natural projection. We prove the following more
precise interpolation formula which is used in the main body of the article.
Lemma A.2. Let g = η ⊗ L ∈ Dcris(T 〈j〉)⊗W ΛW (Γ∞) and χ = χ1χ2 be a finite character on G∞, where
χ1 is a character on Γ∞ of conductor pn > 1 and χ2 is an unramified character on Gal(F/Qp). Then, the
image of ΩεGT 〈j〉,h (g) in H
1(Qp, V 〈j〉 ⊗ χ) is given by
(h+ j − 1)! expQp,V 〈j〉⊗χ
(
g(χ1, εG)χn2 (τ)L(χ−1)
pn
ϕ−n(η)
)
,
where g(χ1, εG) is the Gauss sum
∑
σ∈Γn χ1(σ)σ(πn), where Γn = Γ∞/Γ
pn−1
∞ .
Proof. By the interpolation formula of ΩεGT 〈j〉,h and [LZ14, Lemma B.4 together with the isomorphism just
after (4.1)], the image of ΩεGT 〈j〉,h (g) in H
1(F, V 〈j〉 ⊗ χ) is given by
(22) (h+ j − 1)!
(∑
σ∈Γn
χ1(σ)σ
)
· expFn,V 〈j〉
(
(p−nϕ−n ⊗ 1)χ−12
(
Gτ
−n
)∣∣∣
X=πn
)
.
As in [PR94, §2.2], we may write down the solution to (1−ϕ⊗Φ)G = η⊗L explicitly using ϕm(η)⊗Φm(L).
Note that Φm(L)|X=πn = L|X=πn−m and(∑
σ∈Γn
χ1(σ)σ
)
L|X=πr = 0
for all r < n. Furthermore, (∑
σ∈Γn
χ1(σ)σ
)
· πδn = g(χ1, εG)χ−11 (δ)
for any element δ ∈ Γ∞. Thus,(∑
σ∈Γn
χ1(σ)σ
)
· Lτ−n |X=πn = g(χ1, εG)Lτ
−n
(χ−11 ).
Consequently, the expression in (22) may be simplified to
(h+ j − 1)! expFn,V 〈j〉
g(χ1, εG)χ−12
(
Lτ−n
)
(χ−11 )
pn
ϕ−n(η)

= (h+ j − 1)! expFn,V 〈j〉
(
g(χ1, εG)χ2(τn)L(χ−11 χ−12 )
pn
ϕ−n(η)
)
as claimed. 
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These maps are compatible under twists. That is,
TwεGT 〈j〉 ◦ ΩεGT 〈j〉,h ◦D = −ΩεGT 〈j+1〉,h+1;(23)
ΩεGV,h+1 =
(
log γ
log κ(γ)
− h
)
ΩεGV,h,
where γ is a generator of Γ∞ and κ : Γ∞
∼−→ Z×p is the canonical isomorphism. As in the cyclotomic case,
we may extend ΩεGV 〈j〉,h to all h and j, if we allow its image to lie in
H1Iw(F∞, T 〈j〉) ⊗̂ΛW (Γ∞)Frac (Hh(Γ∞)W ) .
Corollary A.3. Let h ≥ 1 be an integer such that Fil−h Dcris(T ) = Dcris(T ) and j ≥ 1− h. Let φ = κjχ1χ2
be an character on G∞, where χ1 and χ2 are defined as in Lemma A.2. Then, the image of Ω
εG
T,h (η ⊗ L) in
H1(Qp, V ⊗ χ) is given by
(−1)j(h+ j − 1)! expQp,V⊗χ
(
g(χ1, εG)χn2 (τ)L(φ−1)
pn
ϕ−n(ηt−jG )
)
,
Proof. This follows from combining Lemma A.2 and (23). 
Theorem A.4. Let f be a Coleman family as in the introduction. Assume that the residual representation
associated to f(κ) is irreducible when restricted to GQp . Fix an integer h ≥ 0 greater than or equal to the slope
of f and let c(h) be the constant defined in [NO16, Theorem 4.25]. There exists a unique A ◦⊗̂ZpΛW (Γ∞)-
morphism
EXPεG
f
: D◦⊗̂ZpΛW (Γ∞) −→ H1Iw(F∞,Tf)⊗̂ΛW (Γ∞)pc(h)H+h (Γ∞)W
interpolating the Perrin-Riou big exponential maps. More explicitly, if κ ∈ B◦(r0)cl is a classical weight,
then
EXPεG
f
(x) = ΩεGTf(κ),κ/2|Dcris(Tf(κ))ϕ=ap(f(κ))p−κ/2⊗Λ(Γ∞)
under the weight-κ specialization on D◦.
Proof. As in the cyclotomic case studied by Nuccio and Ochiai, the condition ∆˜ = 0 is always satisfied under
our irreducibility hypothesis. To construct EXPεG
f
, one may follow the reduction steps I, II and III as in
the cyclotomic case. Note that each reduction step is based on algebraic properties of the affinoid algebra
A ◦. In particular, each reduction can be carried out on replacing Γcyc by Γ∞ in verbatim. Therefore, it is
enough to construct the (A◦/I)⊗̂ZpΛW (Γ∞)-morphism on D0/I⊗̂ZpΛW (Γ∞) for a height-one ideal I ⊂ A◦
of the form ∩i kerxi. This reduces to the construction of Zhang since D0/I is a crystalline Zp-representation
of GH . 
A.3. Semi-local Perrin-Riou maps. Let L = Kc0p∞ be the ring class field of conductor c0p
∞ for some
integer c0 coprime to p. We write Hcp∞ for the corresponding ring class group. Let P be a place of L
dividing p and P˜ the place of K[c] lying below P. Then, Kc0P˜/Kp can be realized as a finite unramified
extension of Qp and LP/Kc0,P˜ is an extension given by the torsions of a relative Lubin–Tate extension of
height one GP.
Let P1, · · · ,Pr be the primes of L above p. Without loss of generality, we suppose that P1 is the prime
corresponding to our fixed embeddings. Let DPi be the decomposition group of Pi and Pi = σi(P1),
where σi ∈ Hc0p∞ . Then, Hc0p∞ =
⊔
σiDP1 . Let us write Wi for the ring of integers of Kc0,P˜i , ∆i =
Gal(Kc0,P˜i/Kp), Γi = Gal(LPi/Kc0,P˜i)
∼= Γ˜ac and Gi = GPi . We identify DPi with the local Galois group
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Gal(LPi/Kp). Given a modular form g as in the main body of the article, we define the Λ(Hc0p∞)-morphism
Ω
(Gi)i
Tg〈j〉,h,c0 : Dcris(Tg〈j〉)⊗ Λ(Hc0p∞) ∼=
r⊕
i=1
Dcris(Tg〈j〉)⊗ σiΛ(DPi)
∼=
r⊕
i=1
Dcris(Tg〈j〉)⊗Zp σiΛWi(Γi)
→
r⊕
i=1
H1Iw(FPi , Tg〈j〉)⊗̂pc(h)σiH+h (Γi)Wi
∼=
r⊕
i=1
H1(Kc0,P˜i , T
ac
g 〈j〉)⊗̂pc(h)σiH+h (Γi)Wi
∼= H1(Kc0,p, T acg 〈j〉)⊗ˆpc(h)H+h (Γ˜ac)W1
given by
⊕r
i=1 Ω
εGi
T 〈j〉,h. Here, we have identified Wi with W1 and
H1(Kc0,p, T
ac
g 〈j〉) :=
r⊕
i=1
H1(Kc0,P˜i , T
ac
g 〈j〉).
Similarly, we have the A ◦ ⊗̂ZpΛ(Hc0p∞)-morphism
EXP
(Gi)i
f,c0
: D◦ ⊗̂ZpΛ(Hc0p∞) ∼=
r⊕
i=1
D◦ ⊗̂ZpσiΛ(DPi) −→ H1(Kc0,p,Tac)⊗ˆpc(h)H+h (Γ˜ac)W1
given by
⊕r
i=1 EXP
εGi
f
.
A.4. The choice of εG in Perrin-Riou’s big exponential map. We recall from the introduction of the
main body of the article that the ring of integers of the completion of the maximal unramified extension of
Qp is denoted by W . Suppose that G and G′ are two relative Lubin–Tate groups over the same base field F .
Let π and π′ be the corresponding uniformizers of F . Then, the two Lubin–Tate groups are isomorphic over
W , say η : G −→ G′, given by a power series η(T ) = δT + · · · ∈ W [[T ]], where δ satisfies δΦ−1 = π′/π with
Φ being the Frobenius of W . Fix εG = (εn) ∈ Tπ, then
ε′G = (ε
′
n) :=
(
ηΦ
−n
(εn)
)
∈ Tπ′ .
We write πn = ψn(εn) and π
′
n = ψn(ε
′
n) as before. We have the equality:
W [πn] = W [π
′
n].
As before, we write Fn = F (πn) and F∞ = ∪Fn.
Let h ≥ 1 such that Fil−h Dcris(T ) = Dcris(T ) and j ≥ 1 − h. Let g ∈ Dcris(T 〈j〉) ⊗w W [[X ]]ψ=0, where
T 〈j〉 = T ⊗Zp TpG⊗n and G is a solution to (1− ϕ⊗ Φ)G = g. Consider
Ξ
′(j)
h,n : g 7→ (h+ j − 1)!
((
p−nϕ−n ⊗ 1)GΦ−n)∣∣∣
X=π′n
,
which is equal to
Ξ
(j)
h,n(g ◦ η) = (h+ j − 1)!
((
p−nϕ−n ⊗ 1) (G ◦ η)Φ−n)∣∣∣
X=πn
,
where Ξ
(j)
h,n is as defined in (21) for the parameter εG . In other words, on composing Ω
εG
T 〈j〉,h, we obtain the
Perrin-Riou map for the parameter ε′G :
Ω
ε′G
T 〈j〉,h :
(
Dcris(T 〈j〉)⊗W W [[X ]]ψ=0
)∆˜=0 −→ H1Iw(F∞, T 〈j〉)⊗̂ΛW (Γ∞)pc(h)H+h (Γ∞)W .
Furthermore, all properties satisfied by ΩεGT 〈j〉,h hold true for Ω
ε′G
T 〈j〉,h with the only difference being that we
have to work with the coefficient ring W , rather than W .
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In the main body of the article, we take ε′G = ε = (ζpn) ∈ lim←−x 7→xp OCp , where ζpn is a primitive p
n-th
root of unity.
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